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Let C be a conic in PG(2, q2) and suppose we derive with respect to a derivation set or
multiple derivation set. This paper looks at whether the conic C gives rise to an inherited
arc in the derived plane. Further, we construct two families of conics which give rise to
inherited arcs after certain double derivations. Finally we construct a family of complete
(q2 + 1)-arcs in certain André planes.
Crown Copyright© 2012 Published by Elsevier B.V. All rights reserved.
1. Introduction
In this paper, we observe the effect of derivation and multiple derivation on non-degenerate conics of PG(2, q2), where
q ≥ 5 and q odd. We seek to determine whether the affine pointsets of such conics are arcs and further can be completed
to ovals in planes formed by performing a derivation or multiple derivation. That is, suppose C is a non-degenerate conic
of P ∼= PG(2, q2) and supposeD1, . . . ,Dt are derivation sets on l∞ in P . Are the affine points of C an arc in PD1,...,Dt and
further can this affine pointset be completed to an oval of PD1,...,Dt ?
First, in Section 2 we introduce relevant background on fields, homographies, conics and derivation. In Section 3 we
present a novel characterisation of the equations of non-degenerate conics of PG(2, q2) that are not arcs after derivation
and multiple derivation on l∞.
In Section 4, we restrict our attention to projective planes of odd order and the conics contained in the family Cc,d. We
prove several theorems on the existence of inherited (q2 + 1)-arcs in a class of planes formed by double derivation of
PG(2, q2), where q is odd. We finish the section by computing an example of a complete 24-arc in a particular translation
plane of order 25.
Finally, in Section 5, using the conic x0x1−dx2 = 0, we show the existence of a family of inherited arcs in a class of André
planes which includes the regular nearfield planes of odd order. These arcs can be completed to (q2 + 1)-arcs in all cases.
2. Background and notation
In this section we describe the notation we use and list some preliminary results we need. We will be working with
calculations involving squares in GF(q) and GF(q2), and will use the following results.
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1. Let s1, s2 be nonzero squares of GF(q) and n1, n2 be non-squares of GF(q), then s1s2, n1n2, s−11 are all squares; and s1n1,
n−11 are non-squares of GF(q).
2. Let δ be a square in GF(q2), then δq+1 is a square in GF(q).
3. Let c be a non-square element of GF(q), then−√c = √cq in GF(q2).
We use homogeneous coordinates to coordinatise the projective plane PG(2, q2). A general point of the plane PG(2, q2) is
denoted by a vector (x0, x1, x2), x0, x1, x2 ∈ GF(q2). The points of the line at infinity l∞ are those with coordinates (x0, x1, 0),
x0, x1 ∈ GF(q2). The affine points of PG(2, q2) \ l∞ can be uniquely written as {(x0, x1, 1)|x0, x1 ∈ GF(q2)}.
A non-degenerate conic of PG(2, q), where q is odd, is the set of points satisfying an equation with form
a00x20 + a11x21 + a22x22 + 2a12x1x2 + 2a02x0x2 + 2a01x0x1 = 0, (1)
where a00, a11, a22, a12, a02, a01 ∈ GF(q). Such a conic may also be represented by an associated symmetric matrix A, where
X tAX = 0, and so A has the form,
A =
a00 a01 a02
a01 a11 a12
a02 a12 a22

.
Let σ be a homography of PG(2, q). Throughout this paper we will abuse notation and use σ to refer to both the
homography and the associatedmatrix. That is,we sayσ has associatedmatrix denoted byσ . LetC be a conic of PG(2, q)with
associated matrix A, then the conic σ(C) has associated matrix σ−tAσ−1. This result will be used extensively throughout
the paper.
Let P ∼= PG(2, q2) with D a derivation set on l∞ of P . Let PD denote the projective plane formed by deriving
P ∼= PG(2, q) with respect to D . The plane PD is the Hall plane. See [3] for details on derivation. We use l′∞ to denote
the line at infinity in the plane PD .
Let C be a conic in P ∼= PG(2, q2). Let C denote the affine pointset C \ l∞. Let C ′ denote the set of (affine) points in
the plane PD that correspond to the affine points of C. IfD1 andD2 are disjoint derivation sets of l∞, then we can derive
PG(2, q2) with respect to D1 first, then with respect to D2. The resulting plane is denoted PD1D2 . We let C ′′ denote the
(affine) set of points in PD1D2 that correspond to the affine points of C.
We are interested in studying when the set C ′ is an arc in PD . Let B be a Baer subplane that contains D . Suppose C
shares at least three points with the affine pointsetB \ l∞, then clearly C ′ does not form an arc in the plane PD .
LetP be a projective planewith line at infinity l∞ and letD be a derivation set on l∞. LetC be a conic ofP . The following
three results will be useful in our study. They are not difficult to prove and we omit the proofs in this article.
Lemma 2.1. Let φ be a collineation of P . If C ′ is not an arc inPD , then φ(C ′) is not an arc inP φ(D). If C ′ is an arc inPD , then
φ(C ′) is an arc in P φ(D).
Lemma 2.2. Let D1 andD2 be two disjoint derivation sets on l∞ in P . Suppose the pointset C ′ is an arc in the planes PD1 and
PD2 . Then C ′′ is an arc in the plane PD1D2 .
Lemma 2.3. Let C be a conic of P such that the set of points C ∩ l∞ is disjoint fromD . Suppose the affine pointset C ′ forms an
arc in the affine planeAD , then C ′ can be completed to a (q2 + 1)-arc in PD .
In PG(2, q2)we are interested in a special derivation set on l∞, namely the real derivation set,
DR = {(0, 1, 0)} ∪ {(1, x1, 0)|x1 ∈ GF(q)}.
We also note that the complete set of derivation sets containing the two points (0, 1, 0) and (1, 0, 0) is given by
kDR = {(0, 1, 0)} ∪ {(1, kx1, 0)|x1 ∈ GF(q)},
for each k ∈ GF(q) \ {0}.
In Sections 4 and 5, we will build upon existing results about conics and derivation. See the survey of O’Keefe and
Pascasio [8] for a detailed summary. We briefly summarise the results we need here.
Suppose q is odd and q ≥ 5. Let P ∼= PG(2, q2), let C be a conic of PG(2, q2) and suppose we derive with respect to the
real derivation setDR . Let C ′ be the corresponding pointset in the derived planePDR , and letADR denote the affine plane
PDR \ l′∞.
If |C ∩ l∞| = 0, then nothing is known about the form of C ′ in PDR . If |C ∩ l∞| = 1, in [5], it is proved that C ′ is not an
arc in the affine planeADR . If |C ∩ l∞| = 2, we have the following results.
Theorem 2.4. Let C be a conic in PG(2, q2), where q odd and q ≥ 5. Suppose C meets l∞ in two distinct points P and Q . We
consider two cases.
1. The points P,Q ∈ DR . This case was addressed in [8] and we have the following two cases.
(a) The conic C is equivalent to x0x1 − x22 = 0 and C ′ is not an arc inADR .
(b) The conic C is equivalent to x0x1− dx22 = 0, where d is a non-square in GF(q2) and C ′ is a complete (q2− 1)-arc inPDR .
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2. The points P,Q ∉ DR . This case has been considered in both [4,8], however no full classification is known. There exists one
known family of conics Cc,d : x20 − cx21 − dx22 = 0, where d is a non-square in GF(q2) and c is a non-square in GF(q). For
C ∈ Cc,d, the pointset C ′ is a (q2 − 1)-arc and can be completed to an oval in PDR .
Note that if exactly one of P or Q is inDR , then there are no known results about the effect of derivation on C.
Certain cases for q even have been addressed in [8,9,2], however we are mainly concerned with q odd in this paper so we
do not list the known results for q even.
3. Characterisation
In this section, we characterise the equations of all non-degenerate conics of PG(2, q2) that are not inherited arcs after
we perform a derivation or multiple derivation.
The set of affine points (u, v, 1), where u, v ∈ GF(q), together with the points of the real derivation setDR form PG(2, q),
the real Baer subplane of PG(2, q2). LetBR denote the set of affine Baer subplanes whose projective completions contain the
real derivation setDR . We refer to an affine Baer subplane ofBR together with the points ofDR as a Baer subplane ofBR .
Consider the group of homographies,
GR =
k 0 g
0 k h
0 0 1

, g, h, k ∈ GF(q2)

.
This is a subgroup of PGL(3, q2) that is transitive on the Baer subplanes ofBR .
Our first theorem characterises the equations of all non-degenerate conics of PG(2, q2) that do not give rise to arcs inPDR
(the plane arising by deriving PG(2, q2)with respect to the real derivation setDR). Our method is to find the equation of all
non-degenerate conics that share at least three points with an affine Baer subplane ofBR . Wewill make use of collineations
in AGL(2, q) (the affine subgroup of PGL(3, q) acting on the affine plane AG(2, q)).
Recall that if σ is a homography of PG(2, q2), then to simplify our notation, we use σ to denote both the homography,
and the associated matrix.
Theorem 3.1. Let q be odd. Suppose C is a conic of P ∼= PG(2, q2) with associated matrix γ−t(ω−tAω−1)γ−1, where ω ∈
AGL(2, q), γ ∈ GR and
A =

1 a01 −12
a01 a11 a12
−1
2
a12 0
 ,
where a12, a11, a01 ∈ GF(q2), u2 + a11v2 + 2a12v − u+ 2a01uv = 0, for some u, v ∈ GF(q), where v ≠ 0 and the determinant
of A is non-zero. If we perform a derivation with the real derivation set DR , then C ′ is not an arc of PDR . Further, any conic of
PG(2, q2) that is not an arc of PDR has associated matrix γ−t(ω−tAω−1)γ−1, for some ω ∈ AGL(2, q), γ ∈ GR .
Proof. First, we find all orbits in AG(2, q) of triangles under the collineation group AGL(2, q). The group AGL(2, q) is
2-transitive on points of AG(2, q), hence we may fix a line in AG(2, q). Let this line be x1 = 0 and take two points on
the line, (0, 0, 1) and (1, 0, 1). Any affine point not on the line x1 = 0 can be written as (u, v, 1), for some u, v ∈ GF(q) and
v ≠ 0. Thus, without loss of generality, a triangle of AG(2, q) can be written as T = {(0, 0, 1), (1, 0, 1), (u, v, 1)}, for some
u, v ∈ GF(q) and v ≠ 0.
All conics of PG(2, q2) containing a triangleT can be computed as follows. Startwith a conic given by the general equation
as given in (1) and substitute the points of the triangle T then,
a00 + 2a02 = 0, a22 = 0, a00u2 + a11v2 + 2a12v − a00u+ 2a01uv = 0, (2)
for some u, v ∈ GF(q), where v ≠ 0.
If a00 = 0, then a02 = 0 and A has zero determinant, hence a00 ≠ 0. Since the equations are homogeneous, we may let
a00 = 1 and then the conditions (2) become,
a00 = 1, a02 = −12 , a22 = 0, u
2 + a11v2 + 2a12v − u+ 2a01uv = 0 (3)
for some u, v ∈ GF(q), where v ≠ 0.
The orbit of the group AGL(2, q) acting on the set of triangles,
{(0, 0, 1), (1, 0, 1), (u, v, 1)|u, v ∈ GF(q) and v ≠ 0},
will be the full set of triangles in AG(2, q). Hence, the orbit of AGL(2, q) acting on the set of conics that satisfy the conditions
(3) is the full set of conics of PG(2, q2) that meet AG(2, q) in a triangle.
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Let B be an affine Baer subplane of BR . Since GR is transitive on affine Baer subplanes of BR , any affine triangle of
AG(2, q) can bemapped to some triangle ofB, using a homography from GR . Hence any conic of PG(2, q2)meeting AG(2, q)
in at least an affine triangle can be mapped to a conic that meets B in at least an affine triangle, using a homography
from GR .
Conversely, using GR , any conic of PG(2, q2)meetingB in at least an affine triangle can be mapped to a conic that meets
AG(2, q) in at least an affine triangle. Such a conic can then be mapped to a conic satisfying (3), using AGL(2, q).
Thus, using GR and AGL(2, q), for any conic C1 of PG(2, q2) that meets some affine Baer subplane BR in a triangle, we
can find a conic satisfying conditions (3) that maps to C1.
Thus the set of all conics of PG(2, q2) thatmeet an affine Baer subplane ofBR in a triangle is given by the set of associated
matrices,
γ−t(ω−tAω−1)γ−1,
where γ ∈ GR , ω ∈ AGL(2, q) and A satisfies the conditions in (3).
Suppose we derive PG(2, q2)with respect to the real derivation setDR . The affine pointset of any conic of PG(2, q2) that
meets an affine Baer subplane ofBR in three or more points will not be an arc inPDR . Conversely, if a conic C1 of PG(2, q2)
corresponds to a set C ′1 that is not an arc of PDR , then C1 must meet one of the Baer subplanes of BR in at least an affine
triangle.
Hence these matrices are the associated matrices of all the conics of PG(2, q2) that are not arcs in PDR . 
In Theorem 3.1 we have characterised the full set of conics of PG(2, q2), where q is odd, whose affine pointsets do not
form arcs in the plane PDR . Hence we have also characterised those conics whose affine pointsets do form an arc in the
plane PDR . These conics will be all the conics of PG(2, q2) that do not satisfy the equations given in the statement of the
theorem.
Next we seek to characterise the equations of non-degenerate conics that are not arcs after multiple derivation on l∞
when q is odd. We do this by using orbits on triangles as in Theorem 3.1 and then extending to multiple derivation.
LetD be a derivation set on the line l∞ in PG(2, q2). The group PGL(3, q2) is transitive on derivation sets on a line, hence
we may writeD as σ(DR), for some σ ∈ PGL(3, q2)l∞ .
Theorem 3.2. Let q be odd and suppose P ∼= PG(2, q2). Let σ1(DR), . . . , σn(DR) be n disjoint derivation sets on l∞ in P , for
some σ1, . . . , σn ∈ PGL(3, q2)l∞ . Suppose C is a conic of P with associated matrix
σi
−t(γ−t(ω−tAω−1)γ−1)σi−1
where ω ∈ AGL(2, q), γ ∈ GR , i ∈ {1, . . . , n} and A is defined as in the statement of Theorem 3.1. If we perform a multiple
derivation with respect to the derivation sets σ1(DR), . . . , σn(DR), then C ′ is not an arc of P σ1(DR)···σn(DR). Further, any such
conic of PG(2, q2) that is not an arc of P σ1(DR)···σn(DR) is of this form.
Proof. The Baer subplanes containing each σi(DR) can be identified by applying σi to the real Baer subplane PG(2, q) and
then applying homographies from GR . Hence, a Baer subplane B that contains σi(DR) can be written as γ (σi(PG(2, q))),
where γ ∈ GR .
In Theorem 3.1, we found a general form for the associated matrices of conics that contained any triangle contained in
an affine Baer subplane ofBR . That is,
γ−t(ω−tAω−1)γ−1,
where γ ∈ GR, ω ∈ AGL(2, q) and A is defined as in the statement of Theorem 3.1.
Suppose we derive with respect to the derivation set σ1(DR). The Baer subplanes containing σ1(DR) are given by
γ (σ1(PG(2, q))), where γ ∈ GR . If we perform a derivation with respect to the derivation set σ1(DR), the associated
matrices of the conics of PG(2, q2)whose affine pointsets are not arcs in P σ1(DR) are given by,
σ−t1 (γ
−t(ω−tAω−1)γ−1)σ−11 ,
where γ ∈ GR, ω ∈ AGL(2, q) and A is defined as in the statement of Theorem 3.1.
Hence, if we derive with respect to the disjoint derivation sets σ1(DR), . . . , σn(DR), those conics of PG(2, q2) that are
not arcs after the multiple derivation are those with matrix of the form given in the statement of this theorem. 
Note that Theorem 3.2 includes the case of deriving PG(2, q2)with respect to any (single) derivation setD on l∞.
When q is even, results similar to Theorems 3.1 and 3.2 can be proved in much the same way. Full results can be found
in [7], but we omit the details here.
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4. Inherited arcs under double derivation
In this section we observe the effect of particular double derivations on a fixed conic of PG(2, q2), with q odd and q ≥ 5.
We begin by building up several preliminary results for derivation sets and fixed conics and then combine these to reach
our conclusions.
We make heavy use of the group PGL(3, q2)l∞ , that is the group of homographies that fix l∞. Such homographies have
associated matrices of the form,a b g
e f h
0 0 k

, (4)
where a, b, e, f , g, h, k ∈ GF(q2) and such that the matrix has non-zero determinant. We also use the group PΓ L(3, q2), the
full collineation group of PG(2, q2).
Here we will consider the family of conics Cc,d of form x20 − cx21 − dx22 = 0, where c is a non-square in GF(q) and d is a
non-square in GF(q2). Note that conics in Cc,d meet l∞ in two points (1,± 1√c , 0).
Let P ∼= PG(2, q2) where q is odd and q ≥ 5. Suppose we perform a derivation in P with respect to the real derivation
setDR . From Theorem 2.4 (2), the affine points of a conic from the family Cc,d form an arc in the plane PDR .
4.1. Derivation with nDR
We first consider the conic C of PG(2, q2) with equation x0x1 − x22 = 0. We construct inherited arcs by deriving with
respect to derivation sets of the form nDR , where n is a non-zero square of GF(q2).
Let PΓ L(3, q2)C,l∞ denote the subgroup of PΓ L(3, q
2) which fixes the conic C and the line l∞. We have the following
result from [8, Theorem 3.1].
Lemma 4.1. There are two orbits of PΓ L(3, q2)C,l∞ on the derivation sets kDR , where k ∈ GF(q2) \ {0}, namely the derivation
sets of the form,
sDR = {(0, 1, 0)} ∪ {(1, sx, 0)|x ∈ GF(q)},
where s is a non-zero square in GF(q2) and the derivation sets of the form,
nDR = {(0, 1, 0)} ∪ {(1, nx, 0)|x ∈ GF(q)},
where n is a non-square in GF(q2).
We now use Lemma 4.1 to construct inherited arcs in the Hall plane P nDR .
Theorem 4.2. Suppose P ∼= PG(2, q2), where q is odd and q ≥ 5. Let C be the conic of P with equation x0x1 − x22 = 0. If we
derive with respect to a derivation set of the form nDR , where n is a non-square in GF(q2), then C ′ is a complete (q2 − 1)-arc in
P nDR .
Proof. Let C1 be the conic x0x1 − dx22 = 0, where d is a non-square in GF(q2). Both C1 and C meet l∞ at the points (1, 0, 0)
and (0, 1, 0). Let A be the associated matrix for C1. Let φ be a homography of PGL(3, q2)l∞ such that φ(C1) = C. Then the
associated matrix for C is φ−tAφ−1.
It can be shown that a suitable matrix for φ is1 0 00 d−1 0
0 0 1
 .
Hence φ(DR) = d−1DR . The inverse of a non-square is a non-square, hence the derivation set d−1DR is of the form nDR ,
where n = d−1. From Lemma 4.1, the derivation sets of the form nDR , where n is a non-square in GF(q2), are an orbit under
PΓ L(3, q2)C,l∞ acting on derivation sets of l∞.
By Theorem 2.4 (1b), if we derive PG(2, q2) with respect to DR , then the conic C1 gives rise to an arc in PDR . Thus by
Lemma 2.1, if we derive PG(2, q2)with respect to φ(DR) = d−1DR , then φ(C1) = C gives rise to an arc C ′ in P φ(DR). 
4.2. Derivation with φ(nDR)
Let C be a conic of Cc,d. Here, we construct a derivation set that gives rise to inherited arcs from the points of C.
Our method will be to find a set of homographies that map C to the conic x0x1 − x22 = 0 and that also fix the line at
infinity l∞. We then use our knowledge of derivation sets containing the points of x0x1 − x22 = 0 on l∞ from Theorem 4.2.
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Lemma 4.3. A set of homographies of PG(2, q2), where q is odd, that fixes l∞ and maps the conic C1 : x0x1 − x22 = 0 to the
conic C : x2 − cx21 − dx22 = 0, where c is a non-square in GF(q) and d is a non-square in GF(q2), is given by matrices of the form,
1 b 0
1√
c
− b√
c
0
0 0 ±

4b
d
 or

1 b 0
− 1√
c
b√
c
0
0 0 ±

4b
d
 , (5)
where b is a non-square in GF(q2).
Proof. Suppose C has associated matrix A and C1 has associated matrix A1. Let φ be a homography of PG(2, q2) such that
φ(C1) = C, then φ−1(C) = C1. The conic φ−1(C) has associated matrix (φ−1)−tA(φ−1)−1 = φtAφ = A1.
We proceed by solving for the coefficients of φ. First, we need to ensure that l∞ is fixed. We begin with φ as the matrix
of a general homography of PGL(3, q2)l∞ .
Then solving for the coefficients of φ (using the notation of Eq. (4)) gives either
a = 1, g = h = 0, e = 1√
c
, f = − b√
c
, i = ±

4b
d
, or
a = 1, g = h = 0, e = − 1√
c
, f = b√
c
, i = ±

4b
d
.
From this, we see that 4bd is a square of GF(q
2). Since d is a non-square in GF(q2), then 4b is a non-square in GF(q2), which
implies that b is a non-square of GF(q2). For these matrices to be a non-singular, we need b ≠ 0 and b ≠ −bwhich are both
true. 
We now use the homographies from Lemma 4.3, together with our knowledge of conics and derivation with respect to
DR , to find complete (q2 − 1)-arcs in the Hall plane P φ(nDR).
Theorem 4.4. SupposeP ∼= PG(2, q2), where q is odd and q ≥ 5. Suppose C is a conic in Cc,d. Let φ be a homography given by a
matrix as in (5) of Lemma 4.3. If we perform a derivation with the derivation set φ(nDR) then the pointset C ′ forms a complete
(q2 − 1)-arc in the plane P φ(nDR)
Proof. The conic φ−1(C) has equation x0x1 − x22 = 0 as in Lemma 4.3. The conic C and the derivation set φ(nDR) are
projectively equivalent to the conic φ−1(C) and the derivation set nDR . Hence from Theorem 4.2, if we perform a derivation
with the derivation set φ(nDR) in P , then the pointset C ′ forms a complete (q2 − 1)-arc in the plane P φ(nDR). 
4.3. Double derivation withDR and σ(DR)
Here, we construct a family of inherited (q2 − 1)-arcs in a class of planes formed by particular double derivations in
PG(2, q2). These arcs can be completed to (q2 + 1)-arcs in all cases.
Ourmethod is to compute a group of collineations that fixes a conicC ∈ Cc,d and apply these collineations toDR to form
new derivation sets that will give rise to arcs. As long as these derivation sets are disjoint from DR we will have a double
derivation that gives rise to an arc. We proceed by computing a group of homographies that fixes C and l∞.
Lemma 4.5. Let P ∼= PG(2, q2), where q is odd. Let C be a general conic in Cc,d, thus C has equation x20− cx21− dx22 = 0, where
c is a non-square in GF(q) and d is a non-square in GF(q2). A group of homographies of P that fixesC and l∞ is given by matrices
of either form1 ce 0
e 1 0
0 0 i

,
1 −ce 0
e −1 0
0 0 i

or
0 ±c 0
1 0 0
0 0 i

,
for e ∈ GF(q2), i ≠ 0 and ce2 ≠ 1.
Proof. We begin with the general matrix of PGL(3, q2)l∞ of form given in Eq. (4). We simplify our calculations by letting
g = h = 0. Suchmatrices from a subgroup of the homographies that fix l∞. To find when such a homography fixes the conic
C we solve for the coefficients. This occurs when,
a = 0, b = ±c, e = 1, f = 0, or
a = 1, b = ±ce, f = ±1.
If the matrices are to be non-singular, then i ≠ 0, δ ≠ 0 and 1e ≠ ce. Hence ce2 ≠ 1. 
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Now using these matrices, we construct derivation sets of l∞ that are disjoint fromDR .
Lemma 4.6. Let σ be a homography of PG(2, q2), where q is odd, with associated matrix of either form1 ce 0
e 1 0
0 0 i

or
1 −ce 0
e −1 0
0 0 i

, (6)
where e ∈ GF(q2) \ GF(q), i ≠ 0, ce2 ≠ 1 and c is a non-square in GF(q). Then σ(DR) is disjoint fromDR .
Proof. Suppose σ has associated matrix,1 ce 0
e 1 0
0 0 i

,
then the derivation set σ(DR) is given by the points,
1,
1
ce
, 0

∪

1,
e+ x
1+ cex , 0
 x ∈ GF(q)

.
For the derivation set σ(DR) to be disjoint fromDR , we need 1ce ∉ GF(q) and also e+x1+cex ∉ GF(q), for all x ∈ GF(q).
Since e ∉ GF(q) and c ∈ GF(q), then 1ce ∉ GF(q). Also e+x1+cex ∉ GF(q), for all x ∈ GF(q), is equivalent to,
e+ x
1+ cex
q
≠ e+ x
1+ cex , (7)
for all x ∈ GF(q). This condition holds when,
1
c
≠ x2.
Thus, the condition (7) is equivalent to 1c being a non-square in GF(q). Now c is a non-square in GF(q) and hence
1
c is a
non-square in GF(q). Thus the condition is always satisfied.
The other case follows similarly. 
Finally, we construct a new family of inherited arcs in the following theorem.
Theorem 4.7. Let P ∼= PG(2, q2), where q is odd and q ≥ 5. Let C be a conic of Cc,d. Let σ be defined as in (6) of Lemma 4.6.
Then, if we perform a double derivation with respect to the derivation setsDR and σ(DR), the pointset C ′′ is a (q2 − 1)-arc in
PDRσ(DR). Furthermore, the pointset C ′′ can be completed to a (q2 + 1)-arc in PDRσ(DR).
Proof. The pointset C ′ is a (q2 − 1)-arc inPDR by Theorem 2.4. Since σ fixes C, the pointset C ′ is a (q2 − 1)-arc inP σ(DR).
By Lemma 4.6, we may perform a double derivation with the derivation setsDR and σ(DR). Thus, from Lemma 2.2, the
pointset C ′′ is a (q2 − 1)-arc in PDRσ(DR).
Since C is disjoint fromDR and σ(DR), by Lemma 2.3, the points C ∩ l∞ can be added to C ′′ to form a (q2 + 1)-arc in
PDRσ(DR). 
4.4. Double derivation with φ(nDR) and σ(DR)
In Section 4.3, we used homographies fixing a conic C ∈ Cc,d to find derivation sets together with DR that give rise
to inherited arcs after double derivation. One may wish to perform a similar operation with the derivation sets and conics
described in Theorem 4.4. It can be shown that the resulting derivation sets are never disjoint, although we omit the proof.
However, we can find an example when q = 5 of a double derivation involving the derivation set φ(nDR), with φ as
defined in Lemma 4.3. The following lemma shows when such a derivation set is disjoint from the derivation set σ(DR),
with σ as defined in Lemma 4.6.
Lemma 4.8. Suppose P ∼= PG(2, 52) is defined over the field GF(52), where GF(52) = {0, α1, α2, . . . , α24} and α2 = 4α + 3.
Let φ be defined as in Lemma 4.3, with b = α and d = 14a . Let σ be defined as in Lemma 4.6, with e = α and i = 1. Then the
derivation set φ(αDR) is disjoint from σ(DR).
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Proof. We proceed by calculating all the points contained in the two derivation sets. The points of φ(αDR) are given by,
{(1, α9, 0)} ∪

1,
α21 + α11x
1+ α2x , 0
 x ∈ GF(q)

.
Evaluating, for each x ∈ GF(q) gives,
σ(DR) = {(1, α17, 0), (1, α, 0), (1, α16, 0), (1, α2, 0), (1, α22, 0), (1, α20, 0)}.
The points of σ(DR) are given by,
{(1, α17, 0)} ∪

1,
α + x
1+ α7x , 0
 x ∈ GF(q)

.
Evaluating for each x ∈ GF(q) gives,
φ(αDR) = {(1, α9, 0), (1, α24, 0), (1, α11, 0), (1, α18, 0), (1, α7, 0), (1, α21, 0)}.
The two derivation sets have no point in common, hence they are disjoint. 
Using this lemma and our previous results on the derivation sets φ(αDR) and σ(DR), we can now find a family of
complete 24-arcs in the plane P φ(αDR)σ (DR).
Theorem 4.9. Let P ∼= PG(2, 52) be defined as in Lemma 4.8. Let φ and σ be defined as in Lemma 4.8. Let C be a conic
of Cc,d. Then, if we perform a double derivation with respect to the derivation sets φ(αDR) and σ(DR), the pointset C ′′ is a
complete 24-arc in P φ(αDR)σ (DR).
Proof. FromTheorem4.4, the pointsetC ′ is a complete 24-arc inP φ(αDR). Also, fromTheorem4.6, the pointsetC ′ is a 24-arc
in P σ(DR). From Lemma 4.8, we may perform a double derivation with the derivation sets φ(αDR) and σ(DR).
Hence, if we perform a double derivation with respect to the derivation sets φ(αDR) and σ(DR), by Lemma 2.2, the
pointset C ′′ is a complete 24-arc in P φ(αDR)σ (DR). 
5. Inherited arcs in André planes of odd order
Here we prove the existence of a family of inherited arcs in a class of André planes of odd square order. We do this by
bringing together many of the ideas in the previous sections.
The André planes are a class of non-Desarguesian projective planes. We do not give a general definition here, however we
will define a class of planes that are known to be André planes. The following definitions can be found in Hughes & Piper [3].
Let P ∼= PG(2, q2). Define the following derivation sets on l∞ in P ,
Dt = {(1, x1, 0)|x1 ∈ GF(q2) and xq+11 = t},
where t ∈ GF(q) \ {0}. The derivation sets Dt are pairwise disjoint for distinct choices of t . They partition the points of
l∞ \ {(0, 1, 0), (1, 0, 0)} into q− 1 sets of q+ 1 points. The points (0, 1, 0) and (1, 0, 0) are not contained inDt , for any t .
It is known that any plane of the formPDt1 ,...,Dtk , where t1, . . . , tk ∈ GF(q)\{0} and k ∈ {1, . . . , q−1}, is an André plane.
In particular, if {t1, . . . , tk} is precisely the set of squares of GF(q), then PDt1 ,...,Dtk is known as a regular nearfield plane.
We begin by defining a homography which we will use to exploit projective equivalence.
Lemma 5.1. Let P ∼= PG(2, q2), where q is odd and q ≥ 5. Let C1 be a conic of Cc,d inP , where c is a non-square in GF(q) and
d is a non-square in GF(q2). Let γ be the homography given by the matrix,1 √c 01 −√c 0
0 0 1
 . (8)
Then C = γ (C1) is the conic with equation x0x1 − dx22 = 0.
Proof. Let A be the matrix associated with the conic C1 and let Ad be the matrix associated with the conic x0x1 − dx22 = 0.
It is straightforward to show that γ−tAγ−1 = Ad as required. 
Next, we find a group of homographies that fix the conic x0x1 − dx22 = 0. We will use these homographies to construct
derivation sets in a later lemma.
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Lemma 5.2. Let P ∼= PG(2, q2), where q is odd and q ≥ 5. Let C be a conic of P with equation x0x1 − dx22 = 0, where d is a
non-square in GF(q2). A group of homographies that fix the conic C and the line l∞ is given by matrices of the form,1 0 00 δ 0
0 0 ±√δ
 , (9)
where δ is a non-zero square in GF(q2).
Proof. Let ζ be the homography given in (9), and let Ad be the associated matrix for the conic C. The lemma is proved by
showing that ζ−tAdζ−1 = δAd. 
Lemma 5.3. Let γ be a homography defined as in (8) in Lemma 5.1. The derivation set γ (DR) is the derivation set,
D1 = {(1, x1, 0)|x1 ∈ GF(q2) and xq+11 = 1}.
Proof. First calculate the derivation set γ (DR),
γ (DR) =

1,
1− x√c
1+ x√c , 0

|x ∈ GF(q)

∪ {(1,−1, 0)}.
Clearly, the point (1,−1, 0) is in D1. If c is a non-square in GF(q), then (√c)q = −√c. Thus, (1 − x√c)q+1 =
(1+ x√c)(1− x√c). Similarly, we have (1+ x√c)q+1 = (1− x√c)(1+ x√c). Hence,
1−√cx
1+√cx
q+1
= 1.
Thus (1, 1−x
√
c
1+x√c , 0) ∈ D1, for all x ∈ GF(q). Hence γ (DR) = D1. 
Here we use the homographies that fix the conic with equation x0x1 − dx22 = 0. We calculate the orbit of these
homographies on the derivation setD1.
Lemma 5.4. Let ζ be a homography defined as in (9) in Lemma 5.2, where δ is a square in GF(q2). The derivation set ζ (D1) is
given by the points,
Ds = {(1, x′1, 0)|x′1 ∈ GF(q2) and (x′1)q+1 = s},
where s = δq+1 is a square in GF(q).
Proof. The derivation setD1 is given by the points
{(1, x1, 0)|x1 ∈ GF(q2) and xq+11 = 1}.
Hence,
ζ (D1) = {(1, δx1, 0)|x1 ∈ GF(q2) and xq+11 = 1},
where δ is a square in GF(q2). Now (δx1)q+1 = δq+1, since xq+11 = 1. We know δq+1 is a square in GF(q), since δ is a square
in GF(q2). Hence,
ζ (D1) = {(1, x′1, 0)|x′1 ∈ GF(q2) and (x′1)q+1 = s},
where s = δq+1 is a square in GF(q). Hence ζ (D1) = Ds. 
Wecannowshow the existence of an inherited arc in anAndré plane formedbymultiple derivation. The conic of PG(2, q2)
with equation x0x1 − dx22 = 0 is the conic that is inherited.
Theorem 5.5. Suppose P ∼= PG(2, q2), where q is odd and q ≥ 5. Let C be the conic with equation x0x1 − dx22 = 0. Then, if we
perform a derivation with respect to the derivation set D1, the affine pointset C ′ is a (q2 − 1)-arc in the plane PD1 and can be
completed to a (q2 + 1)-arc in PD1 .
Proof. Using Theorem 2.4 (1b), if we derive PG(2, q2)with respect toDR , then the affine pointset C ′1 is a (q2−1)-arc in the
plane PDR . Let C1 be a conic of Cc,d and γ a homography defined as in (8) in Lemma 5.1; then C = γ (C1) is the conic with
equation x0x1 − dx22 = 0. Hence, from Lemma 2.1, if we derive PG(2, q2)with respect to γ (DR), then the affine pointset C ′
is a (q2 − 1)-arc in the plane P γ (DR).
From Lemma 5.3, the derivation set γ (DR) = D1. Hence P γ (DR) = PD1 . 
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If we put all this together, we can now prove the existence of inherited arcs in a class of André planes of odd square order.
Theorem 5.6. SupposeP ∼= PG(2, q2), where q is odd and q ≥ 5. Let C be the conic with equation x0x1− dx22 = 0. Suppose we
derive with respect to the derivation setsDs1 , . . . ,Dsk , where s1, . . . , sk are non-zero squares in GF(q). Then the affine pointset
C ′ is a (q2−1)-arc in the planePDs1 ,...,Dsk . Furthermore, the affine pointset C ′ can be completed to a (q2+1)-arc inPDs1 ,...,Dsk .
Proof. Let α be a generator of GF(q2), then GF(q) as a subfield of GF(q2) is given by the elements {0, αq+1, α2(q+1), . . . ,
α(q−1)(q+1)}. Hence, if s ∈ GF(q), there exists δ ∈ GF(q2) such that s = δq+1. Note that since s is a square in GF(q), then
δ = α2i(q+1), for some i = 1, . . . , q−12 . Thus δ is a square in GF(q2).
Let ζ be the homography defined as in (9) in Lemma 5.2, with δq+1 = s1 as discussed. From Lemma 5.4, the derivation
set ζ (D1) is the derivation setDs1 .
From Lemma 5.2, the homography ζ fixes C. Thus, using Lemma 2.1 and Theorem 5.5, the affine pointset C ′ is a (q2−1)-
arc in the plane PDs1 . A similar argument holds, for each of the derivation setsDs2 , . . . ,Dsk .
The derivation sets Ds1 , . . . ,Dsk are pairwise disjoint. Thus, if we perform a multiple derivation with respect to the
derivation setsDs1 , . . . ,Dsk , using Lemma 2.2, the affine pointset C
′ is a (q2 − 1)-arc in the plane PDs1 ,...,Dsk .
Further, the derivation sets Ds1 , . . . ,Dsk are disjoint from the conic C, hence by Lemma 2.3, the affine pointset C
′ can
be completed to a (q2 + 1)-arc in the plane PDs1 ,...,Dsk . 
6. Conclusion
In this paper, we have given a general characterisation of those arcs that are not inherited after derivation of PG(2, q2).
We have also shown the existence of inherited arcs in certain planes formed by double derivation of PG(2, q2) and in certain
André planes of odd order. However, further questions still remain.
In Theorem 3.1, the characterisation is very general. It would be of value if one could refine this characterisation to
particular subcases such as those presented in Theorem 2.4.
In Theorem 4.9, we have one particular double derivation that gives rise to inherited arcs. It would be desirable if a more
general formula using these groups of collineations was determined from which we may derive a family of inherited arcs.
There have been previous discoveries of inherited ovals in André planes of odd order. Rosati [10] discovered a family of
ovals in all nearfield planes of odd order known as the Rosati Ovals. Later, these ovals were explored in more detail in [11,
6]. We omit the details of the construction, however it was shown that the Rosati Ovals share two points with l∞. A special
case of Theorem 5.6 gives ovals in the regular nearfield planes of odd order. It is an open question as to whether the ovals
in this case are Rosati Ovals or not.
Szőnyi [12] also discovered inherited ovals in a class of André planes of odd order, which have a similar equation in
PG(2, q2) as those in Theorem 5.6. The class of André planes featured in [12] may contain the class of André planes in
Theorem 5.6, although the technique used here is different. It is an open question as to whether the inherited ovals of
Theorem 5.6 are those discovered by Szőnyi.
Finally we note that Abatangelo and Larato [1] have used conics in the Desarguesian plane to construct (q2 − 1)-arcs in
Moulton planes.
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